We consider a model describing the behavior of a mixture of two incompressible fluids with the same density in isothermal conditions. The model consists of three balance equations: continuity equation, Navier-Stokes equation for the mean velocity of the mixture, and diffusion equation (Cahn-Hilliard equation). We assume that the chemical potential depends upon the velocity of the mixture in such a way that an increase of the velocity improves the miscibility of the mixture. We examine the thermodynamic consistence of the model which leads to the introduction of an additional constitutive force in the motion equation. Then, we prove existence and uniqueness of the solution of the resulting differential problem.
Introduction
We consider a model describing the isothermal motion of a mixture of two incompressible fluids following the diffusional approach to binary mixtures. This goes back to model H in the classification by Hohenberg and Halperin [12] , which consists of a Cahn-Hilliard diffusion model coupled with a fluid motion. This kind of approach is extensively discussed by Lowengrub and Truskinovsky [14] . Basically, a binary mixture is described in terms of a macroscopic velocity field representing the mean velocity at each spatial point, the totaldensity field of the mixture, and an order field which describes the actual composition of the mixture at each point. The model consists of three balance equations: continuity equation, (total) momentum balance (Navier-Stokes equation), and diffusion equation (Cahn-Hilliard equation) . The diffusional model can be considered as an approximation of the classical theory of mixture (based on two continuity equations and two momentum balance equations, one for each component) when the momenta and the kinetic energies of the relative motion can be neglected. The coupling of the motion equation with the Cahn-Hilliard equation has a trivial part due to the presence of the material derivative (rather than the partial time derivative) of the order parameter in the Cahn-Hilliard equation and a less trivial coupling arising from the dependence of stress tensor upon the gradient of the order parameter. The presence of such a coupling has been derived by Gurtin et al. on the basis of classical continuum mechanics arguments [11] . In this paper we discuss a variant of this model in which a dependence of the chemical potential upon the velocity of the mixture is introduced. We add the velocity-dependent term in the local part of the chemical potential, that is the part independent from the gradients of the order parameter. The effect of the velocity can be assimilated to an increase of the temperature (which is a fixed parameter in the isothermal model we are considering), that is it reduces the miscibility gap.
In section 2 we review the classical analysis of the thermodynamic consistence which displays the need of an additional constitutive force term in the motion equation. The subsequent sections are devoted to the proof of existence and uniqueness of the solution of the resulting differential problem. Our mathematical study concentrates on the fully incompressible situation, that is the case of a binary mixture of two incompressible fluids which also have the same density. Clearly, this is an exceptional case from an empirical point of view, but could be an acceptable approximation for a broader class of real situations.
The coupling of the Navier-Stokes equations with the Cahn-Hilliard equation has been extensively studied in the literature. Among the first results concerning existence, uniqueness and asymptotic behaviour of the solutions, we recall the papers [3] and [16] . More recently, Abels [1] proves well-posedness and examines long-time behaviour of the Cahn-HilliardNavier-Stokes system involving a class of singular free energies, (including the logarithmic free energy) which guarantees the boundedness of the order parameter. Further results about the asymptotic behaviour of the solutions and the existence of global and exponential attractors for the coupled system are shown in [9] .
The main result of our paper is the proof of existence and uniqueness of the solutions of Cahn-Hilliard-Navier-Stokes equations where a new non-linear term is present due to the velocity-dependence of the chemical potential. Moreover, we add a viscous term in the definition of the chemical potential ( [10] ) which turns out to be crucial for our purpose. The functional formulation of our problem is given in section 3. In section 4, with the same technique used in [8] , we introduce a family of approximating problems, by adding to the Cahn-Hilliard equation a perturbative term proportional to the time derivative of the chemical potential. By means of a fixed point argument, we establish the existence of solutions of the approximated problems. Finally, in section 5 we prove well-posedness of the original problem letting the perturbative term tend to zero.
Model equations and thermodynamical consistence
Let us consider a mixture of two partially miscible fluids; we will use a binary index i = 1, 2 to make reference to each of them. Every spatial volume element dV will in general contain a mass portion dm i of the i-th fluid; we indicate with ρ i the apparent density of each fluid:
The adjective 'apparent' is used to emphasize that we are considering the ratio of each mass fraction over the total volume element dV , rather than over its own fractional volume dV i . Each component, which can be compressible or incompressible, is characterized by its own density ρ 0 i = dm i /dV i in standard conditions of temperature and pressure. Of course, the total density is the sum ρ = ρ 1 + ρ 2 . We also define an order parameter measuring the degree of phase separation as
As we are considering mutually non-transforming chemical species, the first general balance laws we have to impose are the mass conservations of each component; so, if v i is the velocity of the i-component, we demand
By defining the mean velocity of the mixture as
(so that ρv is the total momentum density), a global mass continuity law follows
The model we are going to study describes an incompressibile mixture of two fluids, so the total density ρ = ρ 1 + ρ 2 is constant and the continuity equation (2) reduces to
This means that each fluid component is an incompressible fluid and also that each component has the same constant density ρ:
From equations (1) it also follows, after a little calculation, the following equation for ϕ:
We will use the usual notation for the material time derivative related to the mean velocity field v (barycentric material derivative):
for every spatial field f (x, t). Therefore the equation for ϕ assumes the form
This is the usual equation for a conserved quantity with respect the gross motion of the fluid defined by the mean velocity v.
We introduce now a basic physical hypothesis which characterizes the diffusional approach to binary fluids ( [11, 14] ). Accordingly, we will describe the dynamics by using a balance law for the total momentum density ρv of the mixture, while the effects of the relative motion will be described only through the balance law (3) for the scalar order field ϕ, not retaining the motion equation for the relative momentum ρ 2 v 2 − ρ 1 v 1 . In other words, the fundamental fields of the model will be ρ, v, ϕ rather than ρ 1 , ρ 2 , v 1 , v 2 , and the current J will be given a constitutive law in terms of ρ, v, ϕ (and their gradients). Physically, this amounts to neglect the kinetic energies and the momenta of the constituents relative to the mean motion, only retaining the information of the relative mass flux. The resulting model can be considered as the model of a single fluid with an internal defined by the conserved field ϕ. So in this paper we are going to consider a model characterized by the three balance equations:
Here T is the stress tensor, d a constitutive body force and f a possible external body force. The (unusual) constitutive force d is required if we want to construct a thermodynamically consistent model in which a dependence of J on v is admitted, as we are going to show. We begin considering the diffusion equation. We will consider a Cahn-Hilliard similar model, in which the current is expressed as
where µ is the chemical potential. In the classical Cahn-Hilliard model ( [4, 5] ) µ is a non local function of the order field ϕ which takes the form
where h = ∇ϕ. Here we want to consider a generalization which possibly includes a dependence on velocity v. Also, for future utility in the mathematical study, we will add a dissipative contribution proportional toφ. So we assume
We associate a suitable balance of powers to the diffusion equation, which is needed to write the first law of thermodynamics later on. This is obtained by multiplying the diffusion equation by the chemical potential µ
The central issue is to recognize in this equality an internal and an external power. The choice will be influential in satisfying the second law of thermodynamics. In particular, as there are non local (gradient) contributions in µ, it would create difficulties to refer completely the term ρφµ to the internal power. We will rewrite equation (6) in the form
and we ascribe the left hand side to the internal power
We use this identity and (5) to write the internal power in the more suited form
Next we consider the momentum balance equation. The stress tensor and the constitutive force are given by
,
is the symmetric part of the velocity gradient. The balance of powers is obtained by multiplying both members of (4) 2 by v:
The term d · v from the constitutive body force will contribute to the internal power. In particular, the internal mechanical power P i m is defined by
This identification is based on the assumption that stress tensor is a function depending only upon the first gradients of the field, namely T =T(D, ϕ, h); otherwise, as it happens for µ, which is dependent upon ∇h, it would be appropriate to refer part of the contribution T : D to the external power. As we are considering an isothermal model, we use the dissipation inequality
where ψ the free energy, as the proper version of the second law of thermodynamics. If ψ =ψ(χ), where χ is the list of the variables v, ϕ,φ and all their gradients appearing in the constitutive equations, the dissipative inequality is written as
There is an alternate approach to the issue of the energy balance associated to the diffusion equation due to Gurtin. According to this author, the diffusion equation is associated to the internal power ρφµ + J · ∇µ, which could be considered as a definition of the chemical potential, which is treated as an independent field. Moreover the diffusion equation is accompained with an independent balance equation (microforce balance) which also brings a contribution to the total amount of power.
It easily follows that ψ does not depend upon any of the variables χ i = ϕ, h, that is ψ =ψ(ϕ, h).
For any given ϕ, h, it is possible to find processes withφ = 0, v = 0, D = 0, ∇µ = 0 but otherwise withḣ arbitrary. 2 This implies
By choosing appropriatelyḣ we can make ∇µ = 0 with ϕ,φ, h, v, D arbitrary, so the following inequality holds
In the same way, we can make ∇µ = 0 andφ = 0, v = 0, D = 0, so γ > 0. Inequality (9) implies that β > 0 (considering processes with v = 0, D = 0 andφ arbitrary); lettingφ = 0 and v = 0 we have to impose
Because of the incompressibility, on one hand the pressure (that is the trace part of T) is not a constitutively determined quantity (it is kinematically determined), on the other hand the trace part of D identically vanishes
So, putting for brevity, 
where p = − 
From that we see that, if there is a non trivial dependence of µ loc on v, the presence of the constitutive force d is necessary. The following particular choices are made to satisfy (11):
Conditions (7), (8), (10), (12)- (14) with β > 0, γ > 0, ensure that the dissipation inequality is satisfied. The specific feature of the model we are going to study (compared with those by Gurtin and Truskinovsky) is a velocity dependence of the chemical potential. We adopt the usual form of the free energy functionψ(ϕ, h) used in the Cahn-Hilliard model of diffusion:
where u ∈ [−1, +∞[ is a temperature-dependent parameter, typically
The ϕ-dependent part of ψ is such that for u ≥ 0 it has a unique minimum at ϕ = 0, while for −1 ≤ u < 0 has two minima ±φ withφ ∈]0, 1]. It is known ( [5] ) that the unique minimum in the potential corresponds to the situation without miscibility gap, while in the regime with two minima there is a miscibility gap.
In this paper we assume the following form for the local part of the chemical potential
We remark that the effect of velocity can be assimilated with an increase of temperature, that is a restriction of the miscibility gap. So δ·v = λv 2 G ′ (ϕ) and we obtain the constitutive force
We sum up the system of equation in that case, putting everywhere ρ = 1 and taking γ, ν, κ = κ 1 κ 2 > 0 constant:
where
3 Notation and functional settings
In order to obtain a precise formulation of the problem, we introduce here some notation and recall the main inequalities used in the sequel. We assume that the domain Ω occupied by the system is a bounded subset of R 2 , with smooth boundary ∂Ω. 
where ·, · denotes the pairing.
We define
For vector valued functions, we introduce the functional spaces used in the framework of Navier-Stokes equations ( [18] )
Finally, for any T > 0 we define
endowed with their usual norms · Xϕ , · Xv , · Xµ and
Xµ .
Here and henceforth we denote by C any positive constant depending only on the domain Ω which is allowed to vary even in the same formula. Further dependencies will be specified.
Since Ω ∈ R 2 the Sobolev embedding theorem implies ( [2] )
and the following interpolation inequalities hold as a consequence of the Gagliardo-Nirenberg inequality [7, 15] :
If w ∈ H 1 0 (Ω) or w ∈ H 1 (Ω) and Ω wdx = 0, the Poincaré inequality provides ( [6] )
From the Agmon inequality ([17, p.52]), we deduce that
Furthermore, for every v ∈ H 1 (Ω), u, w ∈ H 2 (Ω) the following interpolation inequalities
hold as a straightforward consequence of (20) w H 2 ≤ C( w + ∆w ).
As a consequence, for every w ∈ H 3 (Ω) ∩ H 2 (Ω), we have
For vector-valued functions we define the orthogonal projector P :
(Ω) and the operator A defined as
It is worth noting that for any w ∈ H 2 (Ω) ∩ H 1 div (Ω) the following estimate holds:
For later use, we will also need the following result, whose proof is given in [6, Thm 4, pag. 288].
where m is a nonnegative integer. Then w ∈ C([0, T ]; H m+1 (Ω)) and
the constant C depending only on T, Ω, and m.
Finally, for reader's convenience, we recall Young's inequality. Let 1 < p, q < ∞, such that
The functional formulation of problem (15)- (18) is the following: Problem (P ). To find a triplet (ϕ, v, µ) ∈ X T such that
a.e. in Ω × (0, T ), and
Notice that equation (28) which provides the definition of the chemical potential, is interpreted as a parabolic equation governing the evolution of ϕ, whereas equation (30) is an elliptic equation for the unknown µ. Accordingly, the condition β > 0 will be crucial in the following analysis to prove well-posedness of the system. Existence of solutions to problem (P ) is proved by introducing a suitable family (P ε ) of approximating problems, where ε is a small parameter such that 0 < ε < 1. In Section 4 we prove existence of solutions to (P ε ). Then, by letting ε → 0, we obtain the existence result for the solutions of problem (P ).
Approximating problem
We construct a family of approximating problems of (P ), by adding the term εµ t to equation (30). Accordingly, we introduce the functional space
where µ 0 is the solution to equation
From the standard theory of linear parabolic equations (see e.g. [6, 13, 18] ), we deduce the following auxiliary result.
Lemma 4.1 (Existence of solutions of problem (P
with the initial conditions (34). In particular, ϕ ∈ C([0, T ];
. Then, the functions Φ, Υ, Λ defined as
Proof. From definition (38) and inequalities (24) and (25), it follows that
The assumption (ψ, w, ζ) ∈ X ε T and Theorem 3.1 guarantee that ψ ∈ C(0, T ; H 2 (Ω)),
. Accordingly, Young's inequality yields
In order to prove that Φ ∈ H 1 (0, T ; H 1 (Ω) ′ ), we differentiate equation (38) with respect to t and we evaluate Φ t (H 1 ) ′ . In view of (19) and the regularity of the functions ψ, w, ζ, we have
In addition, Young's inequality leads to
Now we consider equation (39). We get
. Then, problem (P ε ) admits a unique local solution for a sufficiently small time τ ∈ (0, T ).
Proof. For any τ > 0, we define
where (ϕ, v, µ) is the unique solution of problem (P L ) and Φ, Υ, Λ are defined by (38)-(40). Thanks to Lemmas 4.1-4.2, S is well defined. Furthermore, we consider the bounded subset B τ ⊂ X ε τ that consists of the functions (ψ, w, ζ) satifying the following conditions:
where n 1 , n 2 , n 3 are positive constants which will be specified in the sequel. In particular, in view of Theorem 3.1, there exist suitable constants C(n 1 , n 2 ), C(n 2 , n 3 ) such that
The proof is divided into two steps.
S maps B τ in itself.
Throughout this proof we denote by C a generic positive constant which is allowed to depend also on ε. Let us consider equation (35). By multiplying in L 2 (Ω) by ϕ and integrating by parts, we obtain β 2
where η is a (small) positive constant which will be chosen later. From definition (38) of Φ, the Sobolev embedding theorem (20) and relations (46)- (47), we deduce the inequality
Hence, an application of Gronwall's inequality leads to the estimate
Choosing n 1 > 2 ϕ 0 2 and η and τ small enough, we infer that ϕ 2 ≤ n 1 . Now we multiply (35) in L 2 (Ω) by (ϕ t − ∆ϕ t ) and we integrate by parts. By taking Young's inequality into account, we obtain
From (41), we deduce that
In particular, in view of (20), (21), (23), (24) and Young's inequality, we have
for any η > 0. By repeating similar arguments, we infer that
Collecting (48)- (51) and taking (43), (46), into account, we prove the estimate
Thus, taking n 2 greater enough according to ϕ 0 2 H 2 and τ , η small enough, we have
Hence, on account of (26) and (49) we deduce that
with τ small enough and n 1 > n 2 . Finally, we observe that by differentiating (35) with respect to time, we obtain
Owing to (42)-(46), we get
Choosing τ small enough and n 3 > C(n 1 , n 2 ), we deduce that
Now we multiply (36) by (v + Av) and we integrate over Ω, thus obtaining
The definition (39) of Υ implies the following inequality
for any η > 0. An integration of (52) over (0, τ ) leads to
We take n 1 , n 2 large enough and η, τ small enough. Accordingly,
and a comparison with (36) yields
We multiply (37) by (µ − ∆µ) and we integrate over Ω, thus obtaining
In view of (40), (46) and (47), we infer that
As a consequence, by applying Gronwall's inequality to (54) we obtain
By choosing n 1 large enough and τ small enough, we deduce that
A comparison with (37) yields
Accordingly, we have
provided that n 2 is large enough and τ is small enough.
S is a contraction in
2 ) be the corresponding two solutions of the linear problem (P L ) with the same initial data. We denote by ψ = ψ 1 − ψ 2 , w = w 1 − w 2 , ζ = ζ 1 − ζ 2 and prove that S : B τ → B τ is a contraction mapping with respect to the metric induced by the norm
It is worth noting that X τ is a closed metric space with respect to the metric | ·| . Therefore, our aim consists in proving that
with 0 < L τ < 1. From (35) and (38), we deduce that ϕ = ϕ 1 − ϕ 2 satisfies the following equation:
Let us multiply (56) by ϕ and integrate over Ω. By means of (20) and Young's inequality, we obtain
Hence Gronwall's inequality leads to the estimate
We multiply (56) in L 2 (Ω) by (ϕ t −∆ϕ t ). An integration by parts and Young's inequality yield
where 0 < L τ < 1. A comparison with (56) and Young's inequality yield
which, in view of (26) and (57), guarantees
From (36) and (39) it follows that
where Υ 1 − Υ 2 = P[−κ∇ · (∇ψ 1 ⊗ ∇ψ + ∇ψ ⊗ ∇ψ 2 ) + λψ 1 ψ 1t w + λψ 1 ψ t w 2 + λψψ 2t w 2 +λψ 1 (w 1 · ∇ψ 1 )w + λψ(w 1 · ∇ψ 1 )w 2 + λψ 2 (w · ∇ψ 1 )w 2 +λψ 2 (w 2 · ∇ψ)w 2 − (∇w)w 1 − (∇w 2 )w].
Let us multiply (58) by (v + Av) thus obtaining 1 2
By means of the Sobolev embedding theorems and (43), (44) inequalities, the same arguments used to prove (53) lead to the inequality .
From (37) and (40), we obtain
with Λ 1 − Λ 2 = −ψ t − w 1 · ∇ψ − w · ∇ψ 2 .
We multiply (60) by (µ − ∆µ) and we integrate over Ω:
Gronwall's inequality yields 
Therefore, collecting (57), (59), (61) and choosing τ , η 1 , η 2 , η 3 small enough, we prove that 
